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Abstract 

Recently a new recursion relation for tree-level gluon amplitudes in gauge theory has 
been discovered. We solve this recursion to obtain explicit formulas for the closed set of 
amplitudes with arbitrarily many positive and negative helicity gluons in a split helicity 
conhguration. The solution admits a simple diagrammatic expansion in terms of ‘zigzag’ 
diagrams. We comment on generalizations of this result. 


March 2005 


1. Introduction 


Gluon scattering amplitudes are important for computing jet processes as backgrounds 
in hadron colliders. However, the number of Feynman diagrams required in calculating 
these amplitudes quickly exceeds practical bounds as the number of external gluons in¬ 
creases. Remarkably, the hnal form of these amplitudes is often far simpler than one would 
guess from the expansion in Feynman diagrams. At tree level, the hrst examples of such 
simplicity came in the work of Parke and Taylor [jl|, who found an elegant single-term 
expression for maximally helicity violating (MHV) amplitudes. This formula was proven 
in IQ] using the Berends-Giele recursion |Q]. 

In a remarkable paper [Q] Witten found that gluon amplitudes are localized on cer¬ 
tain curves in twistor space and proposed a twistor string theory capturing the properties 
of these amplitudes. This discovery enabled a deeper understanding of their structure 
i5|,|6|,|7|J^,PI, [T^ , |TTi |T^ ,[T^ , |T4| . One particular approach @] offered a new diagrammatic expan¬ 
sion of tree amplitudes in terms of MHV vertices. This was a great improvement over the 
number and computational complexity of Feynman diagrams. 

Another development in understanding the structure of gauge theory amplitudes has 
come from reconsidering their analytic structure in the space of complexihed momenta 
and making use of the interplay between tree and loop amplitudes. The divergent 


behavior of the one-loop contribution to a scattering amplitude encodes the tree-level 
contribution [|T6i [T7|| . Following recent progress in computing A/” = 4 amplitudes at one-loop 
T^,P^ ,pO|J^ , P^ using unitarity based methods |^ , p4|,p5| , ^ p7| , |^ this singular behavior 


was used in 


to derive new representations of tree amplitudes. In particular, a 


study of analytic structure revealed that one-loop Af = 4 amplitudes could be expressed 


essentially as a sum of products of tree amplitudes times known functions ||^. From this 
result, combined with a new formula derived from the singular behavior relations, it was 
inferred |^] that one could express a tree amplitude of gluons in terms of pairs of tree 
amplitudes of gluons and adjoint fermions and scalars with fewer external legs. In ||^, it 
was proposed that this inference could be modihed to involve only gluon amplitudes. An 
explicit quadratic recursion relation was conjectured and was found to yield directly the 
most compact formulas for tree amplitudes known so far. 

The recursion relation of was hrst proven and properly understood in by 


considering the analytic properties of amplitudes in the space of complexihed momenta. It 
was also shown that the recursion could be generalized and applied to prove the validity 
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of the MHV diagrams of 0. More recently it has been found that the recursion relation 


can be translated into terms of twistor geometry and there have been extensions to 
amplitudes with fermions |Q,|^ or gravitons and loop amplitudes . 

In this paper we study tree-level gluons amplitudes in helicity conhgurations of the 

form (-- --1-+ ■ ■ ■ +) which we call ‘split helicity amplitudes.’ These amplitudes form 

a closed set under the recursion relation (as well as under collinear limits). Here we 
solve the recursion to derive a simple expression for any split helicity amplitude. For an 
amplitude with q negative helicity gluons and n — q positive helicity gluons, our expression 
has (gZ^) fsrms. Each term has can be interpreted as a ‘zigzag diagram’ involving the 
cyclic arrangement of gluons on a closed curve. 

It would be very interesting to understand whether amplitudes other than those with 
split helicity conhgurations can be captured by some generalization of these zigzag dia¬ 
grams. It would also be interesting to investigate the relationship of these diagrams to the 
diagrams of twistor geometry, for which some related results have appeared in 


2. Preliminaries 

It is convenient to write tree amplitudes of gluons in the spinor-helicity formalism. 
In four dimensions any null vector p can be written as a bispinor, paa = AaAa, where Xa 
and Xa are spinors of positive and negative chirality respectively. The inner product of 
vectors can be written in terms of the natural inner product of spinors {i j) = eabX^X’j and 
[i j] = eabA“A^.0 We work with amplitudes of cyclically ordered gluons, and all momenta 
are directed outward. For further details and references, see [P|,|39[|. 

Sums of cyclically consecutive momenta will be denoted by 

Px,y = Px T Px-\-l T ■ ■ ■ T Py . (2-1) 


We dehne the products 


y 

{i\Px,y\j] = k)[k j] , 

k=x 

yi yr 

{APxx,yi ' ' ' Pxj.,yj.\3) = ■■■ {i kl)[kl k2] ■ ■ ■ {kr j) ■ 

k\ — kf — X'p 


( 2 . 2 ) 


^ Our convention for the sign of [i j] follows and is the opposite of the convention in much 
of the earlier physics literature. In particnlar, {pi + Pj)'^ = {i j)[i j] = —{i\pj\i] here. 
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The recursion relation of [^| can be written as follows. 
A(l“,2,...,(n- l),n+) = 


n —2 

E E 

i —2 h — 


1 


A(l, 2,..., z, j)-^A(+P] 




where 


PiA — PlA + 


Pi=PiP 


p2 


{APi,M. 

p2 


AiA 


l^n 


Pn =Pr 


p2 

-'1,1 


At A 


l^n 


-AiA^ 


(2.3) 


(2.4) 


{l\Pn^i\n] 

Here we have chosen the gluons labeled by 1 and n to be the reference gluons. 

It was noted in that amplitudes in split helicity conhgurations are closed under 
the recursion and that for this case, the sum (|2.3 ) has only two nonzero terms. We turn 
our attention to such amplitudes in the next section. However, some of the technical points 
appearing in our calculation below turn out to be generic to the application of (^T^) to any 
class of amplitudes, and we will comment on such generalizations when appropriate. 


3. Split Helicity Amplitudes and Zigzag Diagrams 

The main result of this note is the following formula for general tree-level split helicity 
gluon amplitudes: 

minl /7 — n — a — 9 i 

iVliV2iV3 


min(g —3,n—g —2) 

A(l-,...,Q-,(Q+l)+,...,n+)= 


DiD2D^ 


(3,1) 


fc=0 Ak,Bk+i 

Here and P/c+i respectively range over all subsets of the indices { 2 ,..., g — 2 } and 
{g -|- 1 ,..., n — 1 } of cardinality k and k + 1 . In increasing numerical order, the elements 
are labeled ai, a2,..., a/j and bk+i ,..., 6i. There are a total of (^Z^) terms in the sum. 
The quantities N and D are dehned by 

-A^i = (l|P2,&i.Ff)i-i-i,ai^Zii-i-i,&2 ■ ■ ■ 11?) 7 

N2 = {bi +1 61)(62+1 ^2) ■ ■ ■ (^fc+i+l bk+i) , 

As = [ai ai-M] ■■■[ak ak +1] , 


=Po\P^ 


■■■Pu 


1 2,61-' 61+1,01-' ai+1,62 -' 6/s_|_l+l,(J —1 5 

D 2 = Fq,lP2,q-l 5 

Ds = [2|P2,6i|^l + l)(^l|.P6i + l,ai|fil][o:i + l|Pai + l, 62 l ^2 + l) 


(^A:+l |.Pbfc_|_i + l,i 7 -l |<? 1 ] 5 

(3.2) 
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where is given by 


Fx,y = {x x+l)(x+l x+2) ■ ■ ■ {y-1 y) , (3.3) 

and Fx,y is given by the same expression bnt with the inner prodnct [■ ■]. 

We hnd it helpfnl to illnstrate each term of (|3.1| ) by a zigzag diagram, drawn as follows: 

12 aj a^l q-1 q 



Arrange the glnon indices in clockwise order around a closed curve, with the negative 
helicities {1,..., o'} on the top side and the positive helicities {g + 1,..., n} on the bottom 
side. A zigzag is a connected collection of non-self-intersecting line segments which begins 
at (1, 2) and ends at [q — l,q), alternating at each step between the top and bottom sides. 
It is clear that there is a one-to-one correspondence between such zigzag diagrams and 
choices of the subsets Ak and Bk+i- The line segments in a zigzag diagram are in one- 
to-one correspondence with the momenta Px,y appearing in the expressions (|3.2D , and the 
rule for transforming any given zigzag diagram into a formula is clear from ( |3.2|) . 

The observation that the line segments correspond to cyclic sums of momenta mo¬ 
tivates a relatively simple diagrammatic proof that ( 0 ) has the correct multi-particle 
factorization property. In particular, contributions to the l/P^^y pole in Aq^^-q can only 
come from those zigzags which contain a line segment that cuts the amplitude so that 
gluons (x, X -|- 1,..., y) are on one side of the cut. 


4. Examples 


In this section we illustrate the application of (^) by means of several examples. 


4 . 1 . MHV amplitudes 


We can view the MHV amplitudes {q = 2) as a special case where the zigzag collapses 
to a point. In this case there are no P’s, so the only factors in (^) which contribute are 
Ni = (1 2)^ and D 2 = P 2 ,i- This gives immediately the desired result 



( 12 )^ 

(2 3)(3 4)---(n 1) • 


(4.1) 
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4-2. MHV amplitudes 


For MHV amplitudes {n = q + 2) there is only a single zigzag diagram, 

A{l-,2-,...,q-,{q+l) + ,{q+2)+) = 

{MP2,q + lPq+2,q-l\q)^ 



1 


{q+2 q+1) 


Fq,lF2,q-l P2,q + lPq+2,q-l [2|-P2,g+l|l?+2)((?+l|Pqr+2,g-l|l? “ 1] 

which immediately simplihes to the expected result 

[q+1 q+2]^ 


A{l-,2-,...,q-,{q+l) + ,{q+2) + ) = 


[q+2 1][1 2]---[qq+l] ' 


(4.2) 


(4.3) 


The zigzag rules treat MHV and MHV amplitudes differently. More generally, the 
zigzag rules do not manifestly respect the symmetry 


Aq,n-q{l ,•••,? , (q+ 1)+ ,..., n+) = Hn-g,g( (?+l) ,...,n ,1+,...,Q+). (4.4) 


It is clear that one can formulate an alternate set of rules involving zigzags that begin and 
end on the positive helicity side of the diagram, with some straightforward changes to (|3.2|) . 
This alternate set of rules might lead to simpler intermediate expressions for amplitudes 
which have more negative than positive helicity gluons, although the final expression for 
any amplitude would of course be equal to that obtained from the version of the rules that 
we presented above. 


4-3. Split helicity next-to-MHV amplitudes 


Next we consider the split helicity next-to-MHV amplitudes {q = 3) for arbitrary n. 
In this case there is only one kind of zigzag diagram which contributes, allowing us to 
immediately write down the result 


1 2 3 


n — 1 


A(l-,2-,3-,4+,...,n+) = 5^ 

j=4 




n - j+1 j - 4 

1 ^ (l|P2,j^j + l,2 


(4.5) 


|3)^ 


(i+1 j) 


PsA 


j=4 


p2 p2 

^2J^j+l,2 


[‘2\P2,j\j + l){j\Pj + l,2\‘2] 


This formula, which is equivalent to one recently obtained in is noticeably more 
compact than previously-known expressions for next-to-MHV amplitudes 
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4.4- The amplitude A{1 ,2 ,3 ,4 , S"*", 6+, 7+, S"*") 


A compact six-term formula for the eight-particle split helicity next-to-next-to-MHV 
amplitude A(l“, 2“, 3“, 4“, 5"*“, 6"*“, 7^, 8^) was hrst written down in ||^. It is straight¬ 
forward to check that this formula is immediately reproduced by summing the following 
six zigzag diagrams: 


12 3 4 


8 7 6 5 


8 7 6 5 

12 3 4 


8 7 6 5 


12 3 4 


8 7 6 5 


1 (l|P2,5i^6,3|4)^ 


(6 5) 


F^,iF 2 ,s Pl.Pls [2|P2,5|6)(5|P6,3|3] ’ 



1 (1|-P2,6-P7,3|4)'- 


(7 6) 


F4,iF2.3 PlePls [2|P2,6|7)(6|P7,3|3] ’ 


1 (1|-P2,7-P8,3|4)'- 


(8 7) 


1^2,3 PhPls [2|P2.7|8)(7|P8,3|3] ’ 


1 (1 |-P2,6-P7,2-P3,5-^6,314)'- 


(7 6) [2 3] (6 5) 


F4.iF2,3 2^3,5^1,3 [21^2,617) (6IP7.212] [31^3,516) (51^6,313] ’ 


12 3 4 



1 (II-P 2 ,7-^8, 2 -P 3 ,5-^6,314)'’ 


(8 7) [2 3] (6 5) 


^4,1^2,3 PI 7 PI 2 PI 5 PI 3 [2|P2,7|8)(7|P8,2|2][3|P3,5|6)(5|P6,3|3] ’ 


8 7 6 5 


12 3 4 



8 7 6 5 


1 (II-P 2 ,7-^8, 2 -P 3 ,6-^7,314)'’ 


A 4 , 17 ^ 2,3 


p 2 p 2 p 2 p 2 

-'^2,7-'^8,2-'^3,6-'^7,3 


(8 7) [2 3] (7 6) 


We have written out each term carefully in order to emphasize how simple it is to 
translate each picture into the corresponding formula, but of course several of the terms 
can be somewhat simplihed. 
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5. Proof of the Main Result 


In this section we present an elementary proof of (|3.1j ). We first reduce the quadratic 
recursion (f2.3|) to a simpler linear version. This processed version of the recursion relates 
an amplitude with q negative helicity gluons to amplitudes with only q — 1 negative helicity 
gluons. This can be done for any kind of amplitude, but for split helicity amplitudes the 
resulting recursion turns out to be simple enough that it can easily be solved by induction 
in the number of negative helicity gluons. The initial condition for the induction is the 
case q = 2, which in section 4.1 we showed gives the correct result. In what follows we use 
the notation 

Aq,n-q = ...,q~, (?+!) + ,..., n+) . (5.1) 


Step 1. 

First we apply the recursion ( p.3|) to the amplitude Aq^^-q with reference momenta n 
and 1. There are only two nonvanishing contributions. In each term, one of the amplitudes 
is a three-gluon vertex and the other is an n — 1 gluon amplitude. Specihcally, we hnd 
(after a little simplihcation) that (|2.3|) can be cast into the form 




n 2] . _,, (n—1 1) . 


(n—1 n)(n 1) 


,n-l+) , 


(5.2) 


where the shifted spinors are 


— Ai , 

A- = A^ + -[^Ai , 

" [n 2] ’ 

~ (n-1 n)~ 

A-r — Ai -h -p-rrAn , 

^ (n—1 1) 

A^ = A2 , 

A—A = A^-i + , . An , 

- Arj, • 


(5.3) 


Note that we have relabeled the momentum P to 2 in the hrst term in (|5.2|) and to n—1 
in the second term. This puts (|5.2|) into a form that can easily be fed back into itself. 
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Step 2. 

Next we would like to use (|5.2|) to express Aq^^-q in terms of amplitudes which have 
strictly less than q negative helicity gluons. We leave the hrst term in (|5.2|) alone since it 
already has q — 1 negative helicity gluons, but to the second term we apply the result of 
(b.2|) again to rewrite (schematically) 


— — q —l,(n —1) —1 “t” -^q,{n — 2) — q 


(5.4) 


We continue applying (|5.2|) in this manner to strip away j positive helicity gluons from 
the amplitude. It is very convenient to continue using the hrst and last gluons (in the 
order written) as the reference gluons. This process terminates at j = n — q — 1 since an 
amplitude with only a single positive helicity gluon vanishes, and we obtain the desired 
expression 


n—q — 2 

Aq^n-q — “ 


(l|-P2,n-j-l|2] 


3=0 


Fn-j,l Pi^n-j -1 J I-P 2 ,n-i - 1 12] 


Ag_i_(^_j)_g(2 ,...,n-j+), (5.5) 


in terms of the shifted spinors 

\ _ Pn-j,2P2,n-j-l\F) 

{l\P2,r.-j-l\‘A ’ 

| 2 ] 

^ “ (l|P2,n-i-l|2] ’ (5.6) 

= A 2 , 

It is important to note that the procedure of expressing an amplitude with q negative 
helicity gluons in terms of amplitudes with only q — 1 negative helicity gluons works in 
complete generality. Let us use A^- + to denote an amplitude in which the 

“^1 1 • • • 

hrst rii gluons have negative helicity, the next nl have positive helicity, and so on. By 
repeatedly splitting oh the last group of positive helicity gluons, in a ma nn er similar to 
what we did above, it is possible to show that the recursion ( |2.3|) can always be processed 
into the form 



.n. 


.,n, ,n 


+ 

k 



j=0 


+ Rj{p) 




(5.7) 






The functions Uj{p) are universal functions of the spinors, depending only on the three- 


gluon amplitudes (-)--|—) and (-1-). In (|5.5|) we have determined these functions from the 

analysis of the special case k = 1. In contrast, the Rj{p) term depends sensitively on the 
particular class of amplitudes under consideration. It is the happy fact that Rj (p) vanishes 
for split helicity amplitudes that will allow us to solve the recursion (|5.5|) inductively in 
this case. 


Step 3. 

This step is nothing but convenient bookkeeping: we simply relabel the summation 
index in (|5.5|) from j to b = n — j — 1. After some other minor changes, we have 


A — 

^q,n-q — 


n — 1 

E 

b=q + l 


{1|J’2,i.|2] 




Fb+i,iPi+i^i{b+l\Pb+i,i\‘2] 


(5.8) 


with shifted spinors 

. ^ P3,bPb+l,l\l) 

' (1|^2,6|2] 

^2,.|2] 

^+1 {MP2,bm ’ 

= A 2 , 


(5.9) 


Step 4. 

The aim of our proof is now to show that the expression ( 3.1|) inductively follows 
from the processed recursion (|5.8|) . Let us start by explaining how the zigzag diagrams 
which contribute to Aq_i on the right-hand side of (|5.8|) lift to zigzag diagrams 

contributing to Aq^ri-q- For hxed b G {o' -|- 1,..., n — 1}, these diagrams fall into two 
categories. Either bi (the largest element of the subset Bk) is equal to 6, or it is less than 
b. In the former case, the lift looks like 


sl, &+1 



(5.10) 


b+l b h+1 h 

A contribution to A(q-l,b+l-q) 


n n-1 h+1 h h,+l h 

A contribution to A(q,n-q) 
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while in the latter case, the lift involves the addition of an extra zigzag (shown here as a 
dotted line for emphasis) 





(5.11) 


b+1 b h+l h 

A contribution to A(q-l,b+l-q) 


b +1 b 


b +1 h 


A contribution to A(q,n-q) 


The reverse map is also clear: a zigzag diagram contributing to Aq^^-q comes from 
the 6 = 6 i or the 6 = 62 term in the sum (|5.8|) depending on whether ai > 2 or ai = 2 
respectively. We have therefore established a one-to-one correspondence between the zigzag 
diagrams appearing on the left-hand side of ( |5.8|) and those appearing on the right-hand 
side. The hnal step is to establish the quantitative agreement between the two sides. 


Step 5a. First consider, for hxed {q'-|-l,...,n-|-l}, a zigzag diagram contributing to 
^q-l,{h+l)-q which has hi = b. Note that none of the appearing carry a single hatted 
index (2 or 6-1-1). They always appear together as 

-+ P5- + P3H -=- VPhP Ph+1 + Pb+2 H-h P2 + P3 H-, (5.12) 


so we never need to worry about any hats appearing on the P’s. Using (^) we hnd 

{Plb? 


Ni — {2\Ps^bPb+l,ai ■ ■ ■ Pbk+i + l,q-l\Q) — 

N2 = {b +1 6)(62 62+1) ■ ■ ■ {bk+1+1 bk+i) 

1 (^ 1 ^^ 2 , 612 ] 


(1|^2,6|2]3 


(l|-P2,f)Pb+l,ai ■ ■ ■-Pbfc+i + l,g —11?) : 


_Fb,b+l (1|P2,&|2] 

A 3 = [ai ai-bl] ■ ■ ■ [ofc ttk+l] , 


(6-1-1 6)(62 62+1) ■ ■ ■ (6fc_)_i-l-l bk+i) , 


Pi =PLPi 


p2 

^h+1,2 


P" 


■ ■ ■ P" 


p 2 
h-i u 


p2 

^h+1,1 


p2 p2 p2 p2 p2 

(j,6i6i + l,aiai + l,&2 -'afe + l,&-'&+!,! 5 


D2 = P ^Ps.g-l = 


( 6 |P 2 ,b| 2 ] 2 1 

_( 1 |P 2 ,,| 2]2 3,^P,,i[2 3]_ 


Pg,lP2,g-l , 


P 3 — [ 3 |P 3 ,b| 6 -bl)( 6 |Pf,+paj |ai] ■ ■ ■ {bk+i\Pbk+i+i,q-i\Q-M 
Plbi^ 3] 


( 1 |-P 2 ,&| 2 ] ( 6 -l-l|Pb_|_i^ 2 | 2 ] 


[ 2 |P 3 ,&| 6 -bl)( 6 |Pf,+i,aj|ai] 


( 6 a; + 1 |P 6 ^_,_^ + l,g —1 Iq 1 ] . 

(5.13) 
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In each term we have assembled in brackets all of the extra factors which are not present 
in the corresponding contribution to the zigzag diagram on the right-hand side of (|5.10|) . 
When we take the ratio N 1 N 2 NS/D 1 D 2 DS we hnd that these extra factors combine into 


rb+i,iP6\i^i{b+i|P6+i,i|2] 


(5.14) 


which precisely cancels the factor appearing in ( b.8|) . This establishes the quantitative 
agreement between the diagrams shown in (|5.10|) . 

Step 5b. Finally, we consider the case shown in (|5.11|) , with a zigzag diagram contributing 
to such that bi < b. In this case the analysis is simpler, since only Ni and 

D 2 develop extra factors relative to what one would expect from looking at the second 
diagram in (|5.11D: 


Ni — (2|P3_bi-Pbi-ri.ai ■ ■ ■ Afe+i + Pg-ll'j) 

1 


[{MP 2 M 


D2 - F 2,,q-l = 


iX\F2,h\Pb\-\-l,a\ + — 11 ?) 5 

1 


(5.15) 


{mA‘A_p 2 


Fq^lF2,q-l . 


(1|P2,6|2]2 

Note that Ni has grown the two additional legs of the zigzag, shown as dotted lines in 


( b.ll|) . Combining the factors in brackets with the factors appearing explicitly in (|5.8| ) 
gives 

(5.16) 


which are precisely the correct extra factors needed to account for the addition of the 
dotted zigzag. 
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